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ABSTRACT 
We prove that the equation x” + (x + a)” = y*” + (y + ,)2n with a, b odd has only finitely many 
solutions in integers x, y, and n > 2 except he obvious ones. We also find all solutions for a = 1 = b. 
1. INTRODUCTION 
The study of additive relations among powers of integers has been absorbing 
the attention of mathematicians for many years. There are only a few general 
results in this direction. In the present paper we will consider the solutions in 
integers x, y, and n > 2 of the equation 
(1) x” + (x + a)” = y2” + ( y + b)2n 
where a, b are given odd integers. By the trivial solutions of (1) we will under- 
stand solutions x, y, n such that y2 = fx, ( y + b)2 = &(x + LZ) or y2 = k(x + a), 
(y+6)2=* I x. n particular the trivial solutions of the equation 
(2) xn + (x + 1)” = y2” + (y + 1)2n 
arex=O,y~{O,-l},n~2orx=-1,y~{0,-l},n-even.Theaimofthis 
paper is to prove that (1) has only finitely many nontrivial solutions and that (2) 
has only trivial solutions. The idea to write this paper grew out of an elemen- 
tary problem posed by A. Makowski many years ago, namely to find all in- 
tegral solutions of (2) with n = 2. 
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2. SOME LEMMAS 
Lemma 1. For all integers n > 1 and all real z, p # 0 we have 
(z + ,Q2” + (2 - /3)‘” < 2(z2 + (2n - l)p2)“. 
Proof. Observe that 
2n(2n- 1).....(2k+ 1) 
1 .2 . , . . .2(n - k) 
2”-kn! (2n - l)(Zn - 3). . + 
= 
. (2k 1) 
’ 2”-kk!(n - k)! 1 .3.. . . . (2(n - k) - 1) 
< i (2n - l)n-k, 
0 
with strict inequality fork 5 n - 2. Since 
(z + /3)2” + (z - p)2” = k$o 2 (3 P +P 
and 
2(z2 + (2n - l),B”)” = kc0 2 i 
0 
(2n - l)n-k/32(n-k)~2k 
the result follows directly from the observation. •I 
Corollary 1. For all integers n > 1 and all real b, y with b # 0 we have 
n 
(3) > y2” + (y + b)2n. 
Proof. Let z = y + b/2. Then (3) is equivalent o 
2 z2+(2n-1) 
( 
(2)i)^> (z-g”+ (z+gn b 
and the result follows from Lemma 1 with /3 = b/2. 0 
Corollary 2. For all integers n > 1 and all real y, a, b such that a2 + b2 # 0 and 
b2+y2#Owehave 
> y2”+ (y+b)2”. 
Proof. We will use the well-known fact that for real x, y such that x + y > 0 we 
have (x” + y”)/2 2 ((x + y)/2)” with equality if and only if x = y. Since 
>O 
310 
we get by the above fact and Corollary 1 that 
and since a # 0 or b # 0 one of this inequalities is strict. q 
Lemma 2. Zf x, y, n are nontrivial solutions of (1) then 
where a(n) is such that 2a(“) (1 n. 
Proof. Let ff E {O,a}, WE {O,b} be such that ~,/‘x+u, 2]y+v (such U, 2, 
exist since a, b are odd). Then by (1) we have 2” ( (y + u)~” - (x + u)“. Let 
n = 2°C 2 )i t, and 2” )I ( y + w)~ - (x + u), 2O 1) (y + u)’ + (x + ZJ). Observe that 
if(y+v)2-((x+u)=Oor(y+v)2+(~+U)=Oandniseventhenx,y,nis 
a trivial solution. Suppose that (y + u)~ + (x + u) = 0 and n is odd. Then 
2” 1 (y + u)2n - (x + u)~ = 2( y + u)2n and since 2 ,/ (y + u) we get n 5 1 which 
is impossible. Therefore a, /3 are well-defined integers. Now observe that 
(y+v)2”-(X+U)n 
= [(Y + vj2 - (x + u)][( y + u)2 + (x + a)] 
s-l 
K . ig KY + 7d2. ’+ (x + 42’1 
where K = c:IA ( y + v)~ 2’(t-‘-e) . (x + u)~~’ is odd. The last equality 
shows that 2”+P .2”-’ 11 (y-~-v)~” - (x+u)~ since 211 (y+~)~‘~‘+ (x+u)~’ 
for i > 0. Therefore n < (Y + ,LI + s - 1, i.e. Q + p 2 n - s + 1. By definition we 
have Q = 1 or /3 = 1 so the last inequality gives max(a, /3) 2 n - s. Since 2” 5 
I(~+~)~-(x+~)l<2max((y+v)~,Ix+~()and2~II(y+v)~+(x+~)~< 
2max(( y + u)2, Ix + ul), we get 2”-” < 2max((y+a)2,y2, (xl, Ix+al) and the 
lemma is proved. q 
Lemma 3. Forpositive integers a, b, n 2 2 let A4 = (2a - b2 - 2)/(2b2) and 
. (b2(n + M) + 1). 
Then we have 
(6) 
y2” + ( y + b)2n 
. 
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Proof. Let z = y + b/2. Then (5) is equivalent o 
& > (n(n + M)b*)* + n*(n + M)b2 
- 4 4 
Since n + M 2 0, we obtain 
nz2n 
> (b*(n+M)n)* + n2(n+M)b2 
- 
( 4 
4 )z2i*-,J _ (n(n +r)b’y+l. 
Since by (5) the inequality z* > (n(n + M)b*)/4 holds, it follows that 
nZ*(n-l) > 4 
( 
n(n + M)b* 
_ 4 
,2(-l) - ( n(n + M)b* ‘-I 4 ) 
z* - 
n(n+M)b* . 
4 
Now observe that ((n + M)/2)b2 2 j((2n - l)b* f 2a - 2)/41 and (;) < 
2(n/2)“-k fork 5 n - 2. Therefore we have 
(2n-l)b*-2+2u n-k 
> 1 z 2k 
4 
z2cn-l) _ (n(n+qM)b’)n_l <nZ2(n_,) 
z2 n(n + M)b* 
4 
Hence 
” 
z* + 
(2n- l)b*-2-2~ (2n- I)b* -2+2a 
4 4 
=2z2n+n Pn-l)b2-2 ,2.-2+y n 
2 0 k=O k 
(2n-l)b*-2-2u 
4 
(2n-l)b*-2+2a n-k Z2k 
4 ) 1 
< 2~~~ + 2n(2n - 1) (z)Iz2.-* < (z+;)2n+ (z-;)2n. b 
Since z = y + b/2, this is equivalent o (6). 0 
Lemma 4. If x, y, n is a nontrivial solution of (1) with a, b positive and M = 
(2~ - b* - 2)/(2b*), then 
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( > Y+; 2 < n(n + M)b2 4 ((n + M)b2 + 1). 
Proof. Suppose the inequality is false. Then by (4) and (6) we get 
(7) > y2” + (y + b)2n = xn + (x + a)” 
Since for n even (-x - a), y, n is also a nontrivial solution we may assume 
that x > -a/2 (for n odd it is obvious). Now consider the function f(x) = 
x” + (x + a)“. It is easy to see that this function increases in [-a/2, w). Because 
y2 + by + (nb’ - a - 1)/2 2 -a/2 we get from (7) 
nb2 -a 
y’+by+_ >x>y2+by+ 
nb2-a- 1 
2 . 
But it is impossible since x and one of y2 + by + (nb2 - a)/2, y2 + by + 
(nb2 - a - I)/2 are integers 0 
3. MAIN RESULTS 
Theorem 1. Let a, b be given odd integers. Then the equation (1) has onlyjinitely 
many nontrivial solutions in integers x, y and n 2 2. 
Proof. It sufices to consider the case when a and b are positive. Let x, y, n be a 
nontrivial solution of (1). We may assume that x > -a/2 and y > -b/2. Then 
by Lemma 2 we have max(( y + b)2, x + a) > 2”-a(“)-‘. We claim that the in- 
equality x + a > (y + b)2 implies that n < no for some constant no. In fact, if 
x+a> (y+b)2thenby(1)wegetx< y2andx”+(x+a)” < (y2)“+(y2+u)n. 
Thus y2 + a > { y + b)2, i.e. y < (a - b2)/(2b>. Therefore 
xc y2 <max(($)2, T) < ($y, 
and consequently ((a + b2)/(2b))2 + a > x -t a > 2”-“(“J-l. On the other hand 
lim n+x(n -a(n)) = 00 SD there exists no such that 2”-“(“- 1 > 
((a + b2)/(2b))’ + a f or all n > no. Therefore if n > no then (y + b)* > x + a 
and consequently (y + b)2 > 2*-“(“)- ‘, i.e. y + b/2 > 2(“-“(“)-‘)/2 - b/2. By 
Lemma 4 we obtain that 
2 in - 4n) ~ I)/2 < !@ +4M)b2 ((n + M)b2 + 1) +; 
But the last inequality can hold for only finitely many n Since by Lemma 4 
there are only finitely many nontrivial solutions for given n, the theorem is 
proved. o 
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Theorem 2. The equation (2) admits only trivial integer solutions n, x, y with 
n > 2. 
Proof. Let x, y, n be a nontrivial solution of (2). We may assume that x > 0, 
andy>O.Therefore(y+1)2>x+1andbyLemma2weobtain(y+1)2> 
2”-“(“-I. Hence (y + 4)’ > i( y + 1)2 > 2”-“(“Ie2. Thus by Lemma 4 we get 
2”-*(“)-2 < (n(n - i)(n + !))/4 < n3/4, and consequently n 2 12, n # 11. For 
n = 12 we get (y + 1)’ < 123/4, i.e. y 5 20, so by Lemma 2 we obtain 212 > 29 
which is not true. Similarly for n = 10 and n = 9 we get a contradiction. There- 
fore n 5 8 and y 5 11. Now the result follows by direct computations. q 
4. REMARKS 
In a similar way it can be shown that (1) has only trivial solutions for other 
small values of a and b. We do not know any example of a and b for which (1) 
has nontrivial solutions. We also do not know if similar results hold for a, b 
even. However if b = 0 then it is not difficult to see that y < cfi for some 
constant c. Since x” + (x + a)” has a prime factor of the form kn + 1, we get the 
finiteness of the number of nontrivial solutions of (1) in the case b = 0. 
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